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STRICT POLYNOMIAL FUNCTORS AND MULTISETS
TORSTEN EKEDAHL AND PELLE SALOMONSSON
Abstrat. We prove a generalisation to any harateristi of a result of Madonald that
desribes strit polynomial funtors in harateristi zero in terms of representations of the
groupoid of nite sets and bijetions. Our result will give an analogous desription in terms
of nite multisets and an extension of the notion of bijetion appropriate for multisets. A
projeted appliation is to the desription of strit polynomial monads that will give a notion
generalising (linear algebra) operads.
Over elds (or more generally (ommutative) rings) of harateristi 0 a result of Madonald
(f. [MD95, App. I:A:5.3℄) gives an equivalene between the ategory of strit polynomial funtors
(i.e., funtors F from nitely generated projetive modules to arbitrary modules for whih the
struture maps Hom(P,Q)→ Hom(FP, FQ) have been given the struture of polynomial maps)
to the ategory of Σ-modules; olletions {Mn} of Σn-modules for eah n ≥ 0. This relation
with the symmetri groups provides the study of the ategory of strit polynomial funtors
with a heavily ombinatorial avour whih beomes even more pronouned if one instead of Σ-
modules onsiders the equivalent ategory of representations of the groupoid of nite sets and
bijetions. It is the purpose of the urrent artile to give an analogous desription of the ategory
of strit polynomial funtors over any ommutative ring. Very roughly speaking this desription
is obtained by replaing nite sets with nite multisets and bijetions with a notion that we shall
all multijetions. (Note that this is not the only algebrai desription of strit polynomial
funtors; they also orrespond to olletions of modules over Shur algebras. Our ontribution
is to give a desription lose in spirit to Madonald's.)
Even though there is a strong analogy between sets/bijetions and multisets/multijetions
there is one important oneptual dierene in that bijetions are always invertible whereas
multijetions are not (they do have the property that a multijetion endomorphism is an iso-
morphism but there are multijetions also between some non-isomorphi multisets). This has
as a onsequene that in the ategory of representations of multisets that will turn out to be
equivalent to the ategory of strit polynomial funtors one will have for a multijetion f two
maps f∗ and f
∗
ating on the representation in question. These will be inverses to eah other
when f is invertible but will not be in general. There will be ertain relations between their
omposites most of whih serve to make the representations be speial ases of the notion of
Makey funtors introdued by Dress (f. [Dr73℄). There is a small subtlety in that the ategory
of nite multisets and muiltijetions is not a based ategory in Dress' sense but only gives rise to
one; we shall desribe the preise relationship. Furthermore, these funtor will fulll one further
property: Eah multijetion has assoiated to it a degree, a positive integer and we will also have
the relation f∗f
∗ = deg f ; we shall all suh funtors Heke-Makey funtors and our result is
that the ategory of strit polynomial funtors is equivalent to the ategory of Heke-Makey
funtors on the ategory of multisets and multijetions.
We give the preise relation with the Madonald desription by showing that over aQ-algebra
our notion is equivalent to that of Σ-module, a olletion of Σn-modules. From our point of view
it is more natural to say that one may restrit attention to multisets all of whose elements have
multipliity one, i.e., ordinary sets. The same idea of proof also shows that in a p-loal situation
one may restrit attention to sets all of whose multipliities are powers of p.
We feel that that our desription is interesting from a purely representation-theoreti view
point and that it would for instane be interesting to ompare our desription with the approah
using Shur algebras (whih has been muh further developed). Partitions, whih to us will
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simply be a speial kind of multisets, appear very expliitly in the theory of Shur algebras and
it is not lear if these appearanes an be related to the rle they play in our theory. We would,
however, like to point out that the main appliation we have in mind goes in a dierent diretion.
In a sequel we shall use the desription of this paper to introdue the notion of Shur operad
whih will then be proven to be equivalent to that of strit polynomial monads. This gives
nothing new in harateristi 0 but will allow us to give an operadi desription of for instane
p-Lie algebras whih is not overed by ordinary operads. These ideas will also be seen to give
(yet another) algebrai framework for desribing the homology operations on innite loop spaes.
Conventions: Throughout this artile we shall let R be a ommutative Noetherian ring.
1 Preliminaries
1.1 Multisets
To us a multiset shall be a funtion from the lass of all sets to N, the set of non-negative
numbers, whih is zero outside of a subset. The value of the funtion on a set will be alled the
multipliity of the multiset at the set. We shall say that the multiset is supported in a set S if it
is zero outside it. The support of a multiset is the set where it is non-zero, we shall then also say
that the multiset is supported on its support. If S is a multiset we shall denote its support by S
and then we shall denote the restrition of S to S by µS . A multiset is ompletely determined by
µS and onversely any N-valued funtion on a set an be extended by zero outside the set to give
rise to a multiset. By abuse of language we shall onsistently onfuse these two desriptions (it is
very onvenient to have the funtion dened on all sets whih is why we need two desriptions).
We shall also onsider eah set S as a multiset by the ondition that the support of µS is S and
that µS is identially 1 on S. In partiular, using the µS point of view a multiset is also a set
(as µS is) and so we will have no problem with onsidering multisets of multisets. Furthermore,
a multiset T is a subset of a multiset S if T (s) ≤ S(s) for all sets s. We dene the produt,
S × T , by the ondition that (S × T )(w) is zero unless w has the form w = (s, t) in whih ase
(S × T )(w) := S(s)T (t). Similarly, we dene the disjoint union of two multisets S and T as the
multiset whose support is the disjoint union of the supports and whose multipliity on the opy
of S is given by the multipliity funtion of S and similarly for the opy of T .
We shall mainly be interested in nite multisets, that is, multisets with nite support and for
suh a multiset S its ardinality is dened to be |S| :=
∑
s∈S µS(s). We shall also use standard
set-theoreti notation for multisets in ases where the meaning an be easily inferred. So we may
for instane express the ardinality of a multiset S as
∑
s∈S 1 where it is hene understood that
the sum is summed with multipliities. More generally for a nite multiset S of elements of a
ommutative monoid we mean by
∑
s∈S s the sum
∑
t∈S µS(t)t.
If S and T are multisets we dene their sum by (S + T )(x) := S(x) + T (x). This makes the
set of multisets supported in a xed set an abelian monoid (more preisely it is the power of N
over the set).
If S and T are nite multisets then a multijetion from S to T is a map f :S → T suh
that µT (t) =
∑
f(s)=t µS(s) for t ∈ T . It is lear that if g:T → U is the underlying map of
another multijetion then the omposite g ◦ f is the underlying map of a multijetion whih we
shall all the omposite of f and g. From this it is equally lear that the nite multisets and
the multijetions between them form a ategory, Sµ. Note that the multijetion as well as the
multiset T is determined by the map f and onversely, given a nite multiset S and a map of
sets f :S → T we an dene µT by µT (t) =
∑
s∈f−1(t) µS(s) and then f beomes a multijetion.
We shall all this multijetion the indued multijetion. Note further that Sµ has a symmetri
monoidal struture; the disjoint union of multijetions is again a multijetion. A multijetion
S → T will be alled nal if the support of T onsists of a single point. It is then lear that
every multijetion deomposes, up to isomorphism and in an essentially unique way, as a disjoint
union of nal multijetions.
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Isomorphism lasses of nite multisets orrespond exatly to unordered partitions. We
shall now desribe an assoiation of a spei representative to eah unordered partition. If
[1n1 , . . . , knk ] is an unordered partition then we assoiate to it the multiset with support in the
positive integers that gives 1, 2, . . . , n1 multipliity 1, n1 + 1, . . . , n1 + n2 multipliity 2 et. We
shall adopt the ustom of similar situations and in fat let [1n1 , . . . , knk ] mean both the partition
and this multiset representative. (Note that thus [n]means {1, 1, 1, . . . , 1} whih diers from a not
unommon notation where it is used for {1, 2, . . . , n}. We will instead have [1n] = {1, 2, . . . , n}.)
We shall also need to onsider ordered partitions that we shall identify with nite multisets
supported in the non-negative integers. The notation [n1, n2, . . . , nk], ni non-negative integers,
will sometimes be used for the partition whih has multipliity ni at i, 1 ≤ i ≤ k and zero
otherwise. (This gives a slight notational lash in that for instane [n] ould denote both an
unordered and an ordered partition, this should not however ause any onfusion.)
Proposition 1.1 Every multijetion an be written as a omposite of isomorphisms of multisets
and the disjoint union of a nal morphism of the type [n1, n2]→ [n1 + n2] with identity maps.
Proof: This is lear as every multiset is isomorphi to an ordered partition and every multi-
jetion an be written as the omposite of maps α → β that are bijetions outside of one point
of β and those in the latter ategory is a omposition of suh, suh that the ardinality of the
bres are 1 or 2.
A multi-map from a nite multiset α to a (multi)set S is a submultiset Γ of α× S suh that
projetion on the rst fator is a multijetion. Just as for funtions we shall sometimes make a
distintion between the multi-map and its graph whih is f onsidered as a submultiset of α×S.
Remark: This denition is in analogy with the denition of a funtion on sets as a subset of
the produt suh that projetion on the rst fator is a bijetion. Intuitively, if a multiset an
be thought of as a set with elements repeated aording to their multipliity, then a multi-map
may take dierent values on dierent opies of the same element. The multijetion whih is the
projetion on the rst fator is then the smallest multijetion needed to make this funtion one-
valued on the underlying set. A map on the other hand does not allow this. Note furthermore
that there is no natural way of omposing multi-maps.
A multi-map is a map if the projetion on the rst fator is atually an isomorphism. A
multi-map is a bimultijetion if the projetion on the seond fator is also a multijetion. Note
that multi-maps α → S may be identied with isomorphism lasses of diagrams α ← γ → S,
where α← γ is a multijetion and γ → S is a map whose underlying funtion γ → S is injetive
on the bres of α← γ.
We shall need the following generalisation of shues to the multiset situation.
Denition 1.2 If f :β → Sµ is a map from a nite multiset to the lass of nite multisets and
α :=
∑
s∈β f(s) then the multi-shue assoiated to f is the indued multijetion
.
∪s∈βf(s)→ α.
1
If we want to be more spei we shall all it a β-heaped multi-shue.
1.2 Heke-Makey funtors
We reall (f., [Dr73, 4℄) the denition of a based ategory making the trivial modiation that
we only require that there be a nite number of isomorphism lasses in eah omponent.
(M1) A has nite limits and nite oproduts,
(M2) the two squares of a diagram
X ′ −→ Z ′ ←− Y ′
↓ ↓ ↓
X −→ X
∐
Y ←− Y
1
Note that aording to the general priniples f(s) will appear µβ(s) times in the disjoint union.
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are artesian preisely when the top row is a oprodut,
(M3) there is a nite set of isomorphism lasses of indeomposable objets in eah omponent of
A and every objet of A is a oprodut of indeomposable objets, and
(M4) for indeomposable Z and Z ′, HomA(Z,Z
′) is nite and an endomorphism of an indeom-
posable objet is an isomorphism.
As is essentially notied in [Dr73℄ a based ategory is determined by its full subategory of
indeomposable objets. We shall need to make this expliit as well as giving a haraterisation
of that subategory. For that reall (f., [BDFP, Déf. 5.2℄) that a ategory has weak bre produts
if for every pair of morphisms with the same target there are a nite number of ommutative
squares with the left and bottom maps equal to the two given ones and suh that any other
square with this property fators uniquely through preisely one of them.
Denition 1.3 An atomi ategory is a ategory A with the following properties.
(A1) A has weak bre produts and a nal objet and no initial objet,
(A3) there is a nite number of isomorphism lasses of objets in eah omponent of A, and
(A4) HomA(Z,Z
′) is nite for any objets Z and Z ′ of A and an endomorphism of an objet is
an isomorphism.
We shall now see that these two notions are essentially the same.
Proposition 1.4 The full subategory of indeomposable objets of a based ategory form an
atomi ategory and for eah atomi ategory there is a, unique up to equivalene, based ategory
whose full subategory of indeomposable objets is equivalent to the given atomi ategory.
Proof: Start with a based ategory. By (M1) (f., last paragraph of [Dr73, p. 202℄) any map
from an indeomposable objet to a oprodut fators through one of the fators. From this the
axioms for an atomi ategory are immediate. Furthermore, again from (M1), if X1, . . . , Xn and
Y1, . . . , Ym are indeomposable then
Hom(
∐
i
Xi,
∐
j
Xj) =
∐
j
∏
i
Hom(Xi, Yj)
whih shows that the ategory is determined up to equivalene by the full subategory of inde-
omposable objets as well as giving a reipe for onstruting a based ategory given an atomi;
its objets are sequenes (possibly empty to get an initial objet) (X1, . . . , Xn) and morphisms
are given by the above formula (alternatively one gets an equivalent ategory by using nite
multisets of objets) and one heks easily that one gets in this way a based ategory whih
ontains a full subategory equivalent to the atomi one onsisting of sequenes of length 1.
Given an atomi ategory A we shall all the based ategory obtained in this way the based
hull of A and denote it BA.
Reall also (f., [BDFP, p. 245℄) that for a ategory A with weak bre produts one denes
a new ategory NQA with the same objets as A and where morphisms from A to B are formal
sums of isomorphism lasses of pairs of maps A
f
←− C
g
−→ B with omposition bi-additive and
given by bre produts on pairs of morphisms (formal sums are needed as the bre produt
gives several maps beause the bre produts are weak). We shall refer to the basis elements
as the primitive morphisms. Further if f = id, the notation g∗ will be used for the morphism
and if g = id the notation f∗ will be used. In general the morphism equals the omposite g∗f
∗
.
Reall also that if A has bre produts then QA denotes the ategory where the morphisms
are isomorphism lasses of pairs A ← C → B (as sums are not neessary). These dierent
onstrutions are tightly related. For that reall that [BDFP, Déf. 5.3℄ denes the notion of
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Makey-funtor for a ategory with weak bre produts (whih is like the Makey-funtor of
[Dr73℄ only that it is additive only over morphisms not over objets).
However, as we are going to deal with Morita equivalenes we would need to deal with both
right and left additive funtors. Now, NQA and DA are isomorphi to their opposite ategories.
In fat, the funtor whih is the identity on objets and takes the (lass of) the morphism
A ← B → C to C ← B → A obtained by exhanging the morphisms indues an equivalene
between NQA and NQA◦ resp. DA and DA◦. This very natural anti-auto-equivalene allows us
to swith freely bak and forth between right and left modules. We shall do this without further
mention. Nevertheless we should make a hoie and it seems that most of our formulas beome
nier if we let a Makey-funtor be a ovariant funtor with the required properties and we use
the term left Makey-funtor for the ovariant version.
Proposition 1.5 Let A be an atomi ategory.
i) NQA is equivalent to a full subategory of QBA.
ii) For any semi-additive ategory C (f., [BDFP, Déf. 4.1℄) the following data are all equiva-
lent:
• A Makey-funtor on A with values in C in the sense of [BDFP℄.
• A Makey-funtor on BA with values in C in the sense of [Dr73℄.
• An additive funtor QBA→ C.
• A funtor NQA → C that is additive on morphisms.
The orrespondene is indued by the anonial funtors between these ategories.
Proof: The rst part is lear and the seond is lear using [BDFP, Thm. 5.8-9℄.
In the future we shall freely pass bak and forth between these dierent ways of looking at a
Makey-funtor. In analogy with [Dr73, 4℄ we dene for X an objet of A, an atomi ategory,
Ω(X) to be the free Z-module of isomorphism lasses of maps Y → X . We make Ω into a
Makey-funtor by assoiating to α:Y → Z the map α∗: Ω(Y ) → Ω(Z) given by [β] 7→ [α ◦ β]
and α∗: Ω(Z) → Ω(Y ) by mapping [β] to the sum of the pullbaks of it along α. Just as in
[Dr73, Prop. 4.2℄ any Makey-funtor M has an ation of Ω given by [X
β
−→ Y ]a := β∗(β
∗a) for
a ∈M(Y ).
Denition 1.6 Let A be an atomi ategory. A degree map is a map that assoiates a non-
negative integer deg(α) to every morphism of A suh that
• deg(αβ) = deg(α) deg(β) for all omposable morphisms α and β and
• deg(α) =
∑
i deg(αi) where α is a morphism and the αi are the pullbaks of α along some
other morphism.
If A has a degree map, deg, then we may dene a Makey-funtor D, the degree funtor, with
D(X) = Z, α∗ is multipliation with deg(α) and α
∗
is the identity map. As always this gives an
ation of Ω on D whih amounts to the map Ω→ D taking X → Y to its degree whih is then
a map of Makey-funtors.
Denition 1.7 Let A be an atomi ategory with a degree funtion. A Heke-Makey-funtor
with values in an additive ategory B is a Makey-funtor from A to B for whih β∗β∗ is multi-
pliation by deg(β) for all morphisms β of A or equivalently that the ation of Ω on the funtor
fators through the map from Ω to the degree funtor of A.
Remark: i) The denition learly does not have to make a referene to Ω and the degree funtor.
The reason why we have introdued them will be learer when we disuss the homology Shur
operad assoiated to a topologial operad. There it will be seen that the ondition that β∗β∗ is
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multipliation by the degree is true beause we onsider homology but would not be true for a
generalised homology theory. We hope to return to this point.
To avoid onfusion with the use of the term semi-additive ategory of [BDFP, Déf. 4.1℄ we
shall all a ategory whose Hom-sets are given the struture of ommutative monoids with om-
position bi-additive rigoids.
2
One may desribe also Heke-Makey-funtors as additive funtors
from a rigoid and we shall now show how this is done. Let A
f
←− C
g
−→ B be a diagram in an
atomi ategory. We then get a map from C
h
−→ D to one of the omponents of the produt of
A and B (i.e., one of the elements of the weak bre produt of A and B over the nal element).
We shall say that A ← C → B is a graph if h is an isomorphism. We now dene DA to be
the ategory whose objets are the same as of A and whose morphisms are formal sums (i.e.,
non-negative integer linear ombinations) of isomorphism lasses of graphs. The omposition
is the same as that in NQA with the dierene that a digram A
f
←− C
g
−→ B is replaed by
A
p
←− D
q
−→ B multiplied by deg h, where p and q are the projetions. Again we shall all
the basis elements the primitive morphisms. Almost by denition we have an additive funtor
NQA → DA whih is the identity on objets and maps A← C → B to deg h times A← D → B.
Proposition 1.8 A Makey-funtor on an atomi ategory with a degree funtion A seen as an
additive funtor on NQA is a Heke-Makey-funtor preisely when it fators through NQA→
DA.
Proof: Using the notations in the preeding paragraph we have
g∗f
∗ = (qh)∗(ph)
∗ = q∗h∗h
∗p∗
and a Heke-Makey-funtor maps it to deg h q∗p
∗
whih means that it fators through DA. On
the other hand if Makey-funtor fators through DA then h∗h
∗
maps to deg h whih means that
it is a Heke-Makey-funtor.
The prototypial ase of an atomi ategory and a degree funtion is obtained by onsidering
a nite group G and a set G of subgroups losed under onjugation and intersetion and let
P(G,G) be the ategory of transitive permutation G-ations whose stabilisers are ontained in
G. The degree funtion is given by letting deg(S → T ) be the ardinality of any bre of S → T .
Assoiated to this example is also a prototypial Heke-Makey-funtor namely the one that to
a permutation set S takes the G-permutation representation, Z[S], on it. To a map f :S → T
one lets f∗ be the map f∗[s] = [f(s)] and f
∗[t] =
∑
s∈f−1{t}[s]. (This is also the motivation for
the use of the name of Heke as endomorphism algebras of permutation modules will soon be
seen to be involved.) Note that as the denition of f∗ and f
∗
does not use inverses we also get
a Heke-Makey-funtor by S 7→ N[S], where N[S] is the free abelian monoid on S.
We shall be interested essentially in one example of this onstrution namely when the group
is Σn, the group of permutations on n letters, and Sn onsists of the subgroups that x some
partition of [1n]. In fat our main interest will be in a ategory that is equivalent to it, namely
the ategory Sµn of multisets of ardinality n and multijetions between them. To any suh
multiset we assoiate the Σn-set Σ
α := HomSµ([1
n], α) with Σn ating on [1
n] by the inverse of
the natural ation. We denote by Sµ the ategory of nite multisets and multijetions between
them. It is the disjoint union of the Sµn .
Proposition 1.9 The funtor α 7→ Σα is an equivalene of the ategory of multisets of ardi-
nality n and multijetions with the ategory P(Σn,Sn). It takes the monoidal struture of S
µ
to (S, T ) 7→ Σm+n ×Σm×Σn (S × T ) for S ∈ P(Σm,Sm) and T ∈ P(Σn,Sn). Finally, the degree
funtion of P(Σn,Sn) is transferred to deg(α→ β) =
(
β
α
)
, where for a nite multiset α we put
α! :=
∏
s∈α
µα(s)! and
(
β
α
)
=
β!
α!
.
2
So that a rigoid with one objet is a semi-ring, now often alled rig.
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Proof: We dene a quasi-inverse in the following manner. Given a transitive Σn-set S we
onsider the set T of orbits of the ation of Σn on S × [1
n]. Eah suh orbit maps equivariantly
onto S and in partiular its ardinality is divisible by the ardinality of S. We then dene a
multiset T supported on T by µT (t) = |t|/|S|. Given a multiset I of ardinality n we get a map
HomSµ([1
n], I)× [1n]→ I that maps (s, ϕ) to ϕ(s) whih is easily seen to indue an isomorphism
of the multiset assoiated to the Σn-set HomSµ([1
n], I) and I. Conversely given an objet S of
P(Σn,Sn) we have a map S → HomSµ([1
n], S ×Σn [1
n]) whih takes s ∈ S to i 7→ (i, s) whih is
easily seen to be a bijetion.
As for the degree funtion, by multipliativity, if β → γ is a nal multijetion, then deg(α→
β) = deg(α → γ)/ deg(β → γ) and deg(α → γ) by denition equals the ardinality of Σα whih
is easily seen to equal |α|!/α!. Finally, we deal with the monoidal strutures. If α and β are
multisets of ardinality m and n respetively then a multijetion [1m+n] → α
.
∪ β gives rise to
a partition of [1m+n] in one part of size m and another of size n. On the rst part we get a
multijetion onto α and on the seond part one onto β. Conversely, any suh partition together
with a pair of multijetions give rise to a multijetion [1m+n]→ α
.
∪β. This makes the desription
of the indued monoidal struture on P(Σn,Sn) lear.
Mainly with the ase of Sµ in view we shall mean by a symmetri monoidal atomi ategory
an atomi ategory with a symmetri monoidal struture
⊗
suh that A
⊗
− preserves weak
bre produts for all objets A. Furthermore, if the ategory also has a degree funtion we shall
say that it is ompatible with the monoidal struture if deg(f
⊗
g) = deg(f) deg(g).
Proposition 1.10 i) If A is a symmetri monoidal atomi ategory then there is a anonial
symmetri monoidal struture on NQA making f 7→ f∗ and f 7→ f
∗
monoidal funtors. If A has
a degree funtion ompatible with the monoidal struture then DA has a symmetri monoidal
struture making the anonial funtor NQA→ DA symmetri monoidal.
ii) The disjoint union makes Sµ a symmetri monoidal atomi ategory whose degree funtion
is ompatible with the monoidal struture.
Proof: The rst part is a simple veriation left to the reader. As for the seond the preserva-
tion of weak bre produts is lear or an be inferred from Proposition 1.9 and the ompatibility
with the degree funtion also follows from Proposition 1.9.
1.3 Almost right exat funtors
We need an extension result for funtors that is well known for additive funtors. For this we
need to use part of the Dold-Puppe onstrution (f., [DP61℄) of left-derived funtors of a non-
additive funtor. Reall that the left-derived funtors of a funtor from an abelian ategory A
with suiently many projetives to another abelian ategory is obtained as follows: For an
objet A of A we take a projetive resolution P· → A of it, turn it into a simpliial objet ∆(P·)
through the Dold-Puppe onstrution, apply the funtor to its omponents, onsider the omplex
assoiated to this simpliial objet and then nally take its homology; LiF (A) := Hi(F (∆(P·))).
We shall only be interested in the right-most derived funtor, L0F (A) and it only depends
on the rst two steps of the resolution whih allows for the following more diret formulation.
An s-display in an abelian ategory A onsists of three objets A1, A0, and A of A, two maps
∂0, ∂1:A1 → A0, one map s0:A0 → A1, and one map ǫ:A0 → A with the relations ∂1s0 = ∂1s0 =
idP0 and for whih A1
∂1−→
∂0−→
A0
ǫ
−→ A makes A the oequaliser of ∂0 and ∂1. Putting A
′
1 := ker ∂1
we get an ordinary presentation A′1
∂0−→ A0 → A → 0 and onversely given suh a presentation
we may onstrut an s-display by putting A1 := A
′
1
⊕
A0 and let ∂1 and s0 be the projetion
resp. inlusion on the last fator. This shows that the ategory of s-displays is equivalent to the
ategory of exat sequenes A′1
∂0−→ A0 → A→ 0. If A1 and A0 are projetive we shall speak of
an s-presentation (of A).
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If F is a funtor from A to some other abelian ategory we shall say that F is almost right
exat if for every s-display (A1, A0, A, ∂0, ∂1, s0, ǫ), F (A1)
F (∂1)−→
F (∂0)−→
F (A0)→ F (A) is a oequaliser (or
equivalently that
(F (A1), F (A0), F (A), F (∂0), F (∂1), F (s0), F (ǫ))
is an s-display).
If A has enough projetives and F is a funtor from A to some other abelian ategory we
dene L0F (A), for A an objet of A, as the oequaliser of F (P1)
∂1−→
∂0−→
F (P0) of an s-presentation for
A. A ruial step in the proof that the derived funtors do not depend on the resolution hosen
is that homotopies between maps of omplexes orrespond to homotopies between the assoiated
simpliial objets. The notion for s-presentations that orresponds to homotopies between maps
between presentations an not be diretly formulated in terms of the s-presentations themselves
but needs the next step in the simpliial objet ∆(P1 → P0). As we shall make no use of the
full partiulars of suh a orrespondene we leave the details to the reader. For our purposes it
is enough to note that a homotopy h:P0 → Q
′
1 between maps f, g: (P
′
1 → P0) → (Q
′
1 → Q0) of
presentations indues a map h0:P0 → Q1 for whih ∂1h0 = f0 and ∂0h0 = g0 whih implies that
L0F (f) = L0F (g).
We have a anonial natural transformation L0F → F whih is an isomorphism on projetive
objets of A. Note furthermore that the denition of L0F (A) gives an extension of a funtor
F dened only on the full subategory of A whose objets are the projetive objets of A. The
following proposition justies alling suh an extension the almost right exat extension of F .
Proposition 1.11 Let F be a funtor from an abelian ategory A with suiently many pro-
jetives to another abelian ategory. Then F is almost right exat preisely when the natural
map L0F → F is an isomorphism. In partiular the almost right exat extension of a funtor
dened on the full subategory of projetive objets of A is almost right exat.
Proof: Given an exat sequene A′1 → A0 → A→ 0 we may onstrut a ommutative diagram
P ′1 → P0 → A → 0
↓ ↓ ‖
A′1 → A0 → A → 0
with exat rows, the map P0 → A0 surjetive, and P
′
1 and P0 projetive. This indues a map of
displays
F (P ′1
⊕
P0)
−→
−→ F (P0) → L0F (A)
↓ ↓ ↓
F (A′1
⊕
A0)
−→
−→ F (A0) → F (A),
where by assumption the upper row is a oequaliser. Assume now that L0F (C) → F (C) is an
isomorphism for all C. This implies that F (P )→ F (B) is surjetive for any projetive objet P
and surjetive P → B. Hene F (P0) → F (A0) is surjetive and a simple diagram hase shows
that the lower row is a oequaliser.
Conversely, if the lower row is exat for all s-displays then F preserves surjetive maps so
F (P0) → F (A0) is again surjetive and then a diagram hase onludes also in this ase. The
last part is then obvious.
Let us now swith to the ase when A is the ategory of nitely generated R-modules over
some Noetherian ring R and the target ategory is the ategory of all R-modules. Starting with a
funtor dened on nitely generated R-modules we may extend it to the ategory of all modules
by writing an arbitrary moduleM as a direted limit of nitely generated modules,M = lim
−→
Mα,
and then put F (M) := lim
−→
F (Mα). This gives a well-dened extension as R is Noetherian, the
ategory of R-modules is equivalent to the ategory of ind-objets of the ategory of nitely
generated R-modules. Starting with a funtor dened only on the ategory of nitely generated
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projetive modules we may rst onsider its almost right exat extension to nitely generated
modules and then extend it to all modules. The ruial property needed for this extension is
that the ategory of all R-modules is equivalent to the ategory of ind-objets of the ategory
of nitely generated modules (f., [RD, App. Prop. 2℄). The two properties that is used in that
proof is that every R-module is an indutive limit of nitely generated R-modules and that
lim
−→j
lim
←−i
HomR(Gi, Hj) = HomR(lim−→
Gi, lim−→
Hj),
where (Gi) and (Hj) are indutive systems of nitely generated modules. By a slight abuse of
language we shall all that nal extension the almost right exat extension and generally we shall
say that a funtor dened on all R-modules is almost right exat if it preserves s-displays and
ommutes with indutive olimits.
Finally, it is lear that a funtor dened on the ategory of nitely generated projetive
modules is determined by its restrition to the full subategory of nitely generated free modules
and that any suh funtor dened only on the subategory has an extension to projetive modules;
we shall use this fat without further mention.
1.4 Divided power funtors
The divided power funtors will play a fundamental rle in what is to follow and in this setion
we shall reall and establish some of its basi properties. The quikest way of onstruting them
is probably as the homogeneous omponents of the free divided power algebra on the module in
question. Hene reall (f., [Ro63℄) that a divided power algebra is a ommutative augmented
R-algebra A, R a ommutative ring, with operators γn from the augmentation ideal IA of A to
A fullling the identities of r 7→ rn/n!. The free divided power algebra Γ(M) on an R-module
M is positively graded being R in degree 0, M in degree 1, and the degree n-part Γn(M), n > 0,
generated as R-module by the γn(m), m ∈ M = Γ
1(M). Using this we an show that Γn(−) is
an almost right exat funtor.
Proposition 1.12 i) The funtors Γn(−) are almost right exat.
ii) The tensor produt of almost right exat funtors is almost right exat. In partiular
Γn1(−)
⊗
Γn2(−)
⊗
· · ·
⊗
Γnk(−) are almost right exat.
Proof: If M1 →M0 →M → 0 is exat then Γ(M0)→ Γ(M) is surjetive and the kernel is the
ideal generated by the image in Γ(M0) of the augmentation ideal Γ
+(M1) of Γ(M1). Indeed, the
surjetivity is lear as by universality Γ(M) is the smallest divided power subalgebra of itself that
ontains M and the desription of the kernel follows from the fat that the ideal generated by
the image of Γ+(M1) is a divided power ideal and hene the quotient is a divided power algebra
and we onlude by universality of Γ(M).
Furthermore, as the tensor produt of two divided power algebras has a divided power stru-
ture ompatible with the given ones we have that Γ(M
⊕
M ′) = Γ(M)
⊗
RΓ(M
′). Hene, if
M ′1
⊕
M0
−→
−→M0 → M is an s-display then we have that Γ(M
′
1
⊕
M0) = Γ(M
′
1)
⊗
RΓ(M0) and
hene the oequaliser of Γ(M ′1
⊕
M0)
−→
−→Γ(M0) is Γ(M0) modulo Γ(M0)Γ
+(M ′1), i.e., the ideal
generated by (the image of) Γ+(M ′1) whih, as we have just seen is Γ(M).
That the divided power algebra ommutes with direted olimits follows diretly from the
universal property.
As for tensor produts of almost right exat funtors being almost right exat this is trivial
for ommutation with direted olimits and easy for preservation of s-displays (and is a very
trivial part of the Eilenberg-Zilber formula).
Remark: i) By the same argument we get that for instane the symmetri powers are almost
right exat.
ii) The almost right exatness (and in fat right exatness) is also established in [Ro63,
Thm. IV.5℄ and is then used to show that the kernel of Γ(M0)→ Γ(M) is the ideal generated by
Γ+(M1).
10 TORSTEN EKEDAHL AND PELLE SALOMONSSON
When the module is projetive we have a well-known alternative way of desribing the divided
power funtors that we also shall make use of (f., [Ro63, Prop. IV.5℄). In fat, if P is a projetive
module, then Γn(P ) an be identied with the invariants under Σn, the symmetri group on n
letters, ating by permuting the tensor fators of P⊗n. The map is given by taking γn(p) to
p ⊗ p ⊗ . . . ⊗ p ∈ P⊗n. That it is an isomorphism Γn(P ) → (P⊗n)Σn is most easily seen by
rst reduing to P = Rm for some positive integer m by rst writing P as a diret fator of a
free module and then using ommutation with diret limits. For Rm one redues to R by using
behaviour of the divided power with respet to diret sums and nally that ase is trivial. With
essentially the same type of argument one also shows that Γn1(P )
⊗
Γn2(P )
⊗
· · ·
⊗
Γnk(P ) is
the module of invariants of the ation of Σn1 × Σn2 × · · · × Σnk on P
⊗n
, n =
∑
i ni.
We take the opportunity to introdue the notation
Γα(M) := Γn1(M)
⊗
Γn2(M)
⊗
· · ·
⊗
Γnk(M),
where α is the ordered partition [n1, n2, . . . , nk]. In fat Γ
α(−) an be anonially extended to
any nite multiset. Indeed, for a multiset α of ardinality n we put, for a projetive R-module
P ,
Γα(P ) :=
(⊕
φ∈HomSµ ([1n],α)
P⊗n
)Σn
. (1.13)
We then shall also, without further mention, extend Γα(−) to all R-modules as an almost right
exat funtor.
Using a slightly dierent way of viewing Γα(−) we an provide it with a struture of Heke-
Makey-funtor.
Proposition 1.14 i) Let G be a nite group and G a set of subgroups of G losed under
onjugation and intersetion. Then the Heke-Makey-funtor S 7→ N[S] from P(G,G) to the
ategory S(G) of additive representations of G on ommutative monoids indues an equivalene
of ategories from DP(G,G) to the full subategory of S(G) whose objets are of the form N[S]
for S ∈ P(G,G). Dierently put S 7→ N[S] is the universal Heke-Makey-funtor on P(G,G).
ii) There is a anonial struture of (left) Heke-Makey-funtor from the atomi ategory of
multisets of ardinality n and multijetions to the ategory of strit polynomial funtors (on f.g.
projetive R-modules) whih on α takes the value Γα(−). Furthermore, that struture onsidered
as a funtor from DSµ to the ategory of strit polynomial funtors is monoidal, where Sµ is
given the monoidal struture of proposition 1.10 and strit polynomial funtors the monoidal
struture given by the tensor produt.
Proof: Starting with the rst part, it is enough to show that the funtor DP(G,G) → S(G)
indued by S 7→ N[S] is fully faithful. Now, HomG(N[G/H ],N[S]) has as basis maps given by
the orbits on S of H . On the other hand a graph G/H ← D → S gives rise to an H-orbit
of S as the image in S of the inverse image under D → S of H under G/H ← D and it is
well-known that this map gives a bijetion between graphs and suh orbits. It is equally well-
known that this map maps the basis of HomDP(G,G)(G/H, S) onsisting of graphs to the basis
of HomG(N[G/H ],N[S]) given by H-orbits in suh a way that its additive extension realises the
ation of the funtor DP(G,G)→ S(G) on morphisms.
As for the seond part, the denition of Γα(P )may be rewritten as Γα(P ) = HomR[Σn](R[Σ
α], P⊗n).
Hene α 7→ Γα(−) fators as
α 7→ N[Σα] 7→ R[Σα] 7→ HomR[Σn](R[Σ
α], (−)⊗n)
and is hene the omposite of a Heke-Makey-funtor and additive funtors (one of whih is
ontravariant) and is thus a (left) Heke-Makey-funtor. To show that it is monoidal we use
(1.9) whih gives us that
Σα
.
∪β = Σm+n ×Σm×Σn (Σ
α × Σβ)
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so that if γ := α
.
∪β we have that R[Σγ ] is the Σm+n-module indued from the Σm×Σn-module
R[Σα × Σβ] and hene
Γγ(P ) = HomΣm×Σn(R[Σ
α × Σβ], P⊗(m+n)) = Γα(P )
⊗
Γβ(P ).
We an use the two desriptions to desribe ertain natural transformations of these gener-
alised divided power funtors. The most natural way of desribing them is to use the algebra
struture. Hene we have a multipliation map,m[n1,...,nk]: Γ
n1(P )
⊗
RΓ
n1(P )
⊗
R · · ·
⊗
RΓ
nk(P )→
Γn(P ), where n :=
∑
i ni, indued by the multipliation in the divided power algebra. On the
other hand, we have a oprodut Γ(P )→ Γ(P )
⊗
RΓ(P ) haraterised by being a map of divided
power algebras and taking P (in degree 1) to the diagonal in P
⊗
1
⊕
1
⊗
P (also in degree 1).
It maps γn(p) to
∑
i+j=n γi(p) ⊗ γj(p). By projeting onto the (i, j)-omponent it gives a map
Γn(P ) → Γi(P )
⊗
Γj(P ), for i + j = n, taking γn(p) to γi(p) ⊗ γj(p). Iterating the oprodut
and projeting gives us a map ∆[n1,...,nk]: Γ
n(P ) → Γn1(P )
⊗
RΓ
n1(P )
⊗
R · · ·
⊗
RΓ
nk(P ), when
n :=
∑
i ni.
In terms of symmetri tensors the rst map, given by γn1(p1)⊗· · ·⊗γnk(pk) 7→ γn1(p1) · · · γnk(pk),
takes a tensor m ∈ V ⊗n that is invariant under Σn1 × Σn2 × · · · × Σnk to the tensor
∑
i σim
where the σi are oset representatives for Σn1 × Σn2 × · · · × Σnk in Σn and is hene invariant
under Σn. On the other hand the map γn(p) 7→ γn1(p)⊗ · · · ⊗ γnk(p) is given by the inlusion of
Σn-invariant tensors in the Σn1 × Σn2 × · · · × Σnk -invariant ones.
Proposition 1.15 Let ni, i = 1, . . . , k, be non-negative integers with n :=
∑
i ni and let
f : [n1, . . . , nk]→ [n] be the unique (nal) map. Then the (left) Heke-Makey-funtor α 7→ Γ
α(−)
takes f∗ to ∆[n1,...,nk] and f∗ to m[n1,...,nk].
Proof: To begin with, f∗ is indued by the R-linear map R[Σα]→ R, where α := [n1, . . . , nk],
taking eah basis element to 1. This makes it lear that the obtained map Γn(P ) → Γα(P ) is
the inlusion of Σn-invariants in Σn1 × · · · × Σnk -invariants. On the other hand f∗ is indued
the R-linear map R → R[Σα] taking 1 to the sum of the basis elements. If we let e be a basis
element xed by Σn1 × Σn2 × · · · × Σnk then the basis is given by the elements σie, where the
σi are oset representatives for Σn1 × Σn2 × · · · × Σnk in Σn, whih makes it lear that f∗ gives
m[n1,...,nk].
Remark: Note that every multijetion is the disjoint union of nal multijetions and that Γα(−)
is monoidal as a funtor in α. As furthermore every morphism of DSµ is of the form f∗g
∗
this
means that the proposition an be used to give a desription of the Heke-Makey-funtor Γα(−).
We shall need some variations on the theme of denition of Γα. Let α be a nite multiset
of ardinality n, P an f.g. projetive R-module, and e:α→ P a funtion. For eah multijetion
f : [1n] → α we dene an element ef := e(f(1)) ⊗ . . . ⊗ e(f(n)) in P
⊗n
. It is lear that ⊕fef
gives a Σn-invariant element of
⊕
fP
⊗n
and hene an element γα(e) ∈ Γ
α(P ). (Note that if
α = [n1, . . . , nk] then γα(e) = γn1(e(1))⊗ . . .⊗ γnk(e(k)) ∈ Γ
n1(P )
⊗
. . .
⊗
Γnk(P ).)
Further if α is a nite multiset of ardinality n and {Vs}s∈α is a olletion of R-modules
then we dene Γα(V ) by almost right exatness and by the following ondition if V takes pro-
jetive values: For eah multijetion f : [1n]→ α we dene V f by Vf(1)
⊗
RVf(2)
⊗
R . . .
⊗
RVf(n)
and then Γα(V ) as the Σn-invariants of
⊕
fV
f
. (Again, if α = [n1, . . . , nk], then Γ
α(V ) =
Γn1(V1)
⊗
. . .
⊗
Γnk(Vk).) Finally, if f :α → S is a multi-map and {Vs}s∈S is a olletion of
R-modules, then we dene Γf (V•) as Γ
γ(Vg(•)), where γ is the graph of f and g: γ → S is the
projetion on the seond fator. Note that even though the seond denition depends on the
rst we may also express the rst in terms of the seond in that Γα(V ) = Γf (V•) where f is
the identity funtion seen as a map α → α. Using these notations we may express how Γα
deomposes when applied to a diret sum.
Proposition 1.16 Let {Vs}s∈S be a olletion of R-modules and α a multiset. Then we have
a natural isomorphism
Γα(
⊕
s∈SVs) =
⊕
f :α→SΓ
f (V•),
12 TORSTEN EKEDAHL AND PELLE SALOMONSSON
where f runs over all multi-maps from α to S.
Proof: This is just an invariant formulation of the fat that Γ∗(U
⊕
V ) = Γ∗(U)
⊗
Γ∗(V ) and
in fat the map from the right hand side to the left hand is given by multipliation in the divided
power algebra, the fators multiplied grouped aording to f .
We have a ertain funtoriality for multijetions: If f :β → α is a multijetion and Ut := Vf(t)
then we get maps f∗: Γα(V )→ Γβ(U) and f∗: Γ
β(U)→ Γα(V ), where f∗ and f∗ are dened by
the same formulas as for f∗: Γα → Γβ and f∗: Γ
β → Γα, i.e., are dened by tensor produts of
the (homogeneous omponents of) the oprodut resp. the produt. In partiular, if g:α→ S is
a map then we get maps f∗: Γg(V•)→ Γ
g◦f (V•) and f∗: Γ
g◦f (V•)→ Γ
g(V•).
2 Polynomial funtors
In this setion we shall introdue the notion of strit polynomial funtors on the ategory of R-
modules. This notion will be almost but not quite the diret extension of that of [FS97, Def. 2.1℄.
There are two reasons for this dierene. The rst, and minor, is that it solves the problem that
many of the funtors that will be of interest to us would not be strit polynomial funtors
otherwise. This is solved in similar irumstanes by introduing the notion of analyti funtors
that are the diret limits of strit polynomial funtors. (This approah would in our ase suer
from the slight tehnial problem that strit polynomial funtors are not in general determined
by their underlying funtors.) The more important reason for adopting the denition that is to
be presented is that it onforms well with our eventual aim of dening the notion of polynomial
monad and in partiular haraterising them as essentially those monads whose algebras admit
salar extensions (f. [ES03℄).
We begin by realling the notion of polynomial maps in the sense of Roby (f., [Ro63℄). If
M and N modules over R, then a polynomial map from M to N is a natural transformation
f :−
⊗
RM → −
⊗
RN of set-valued funtors, where for an R-module K, −
⊗
RK is the funtor
on the ategory of R-algebras whih take S to S
⊗
RK. As every R-algebra is an indutive
limit of nitely generated R-algebras it is easy see that we may deal only with nitely generated
R-algebras and we shall do that in the future. Reall further that to f we an assoiate unique
polynomial maps fi, i = 0, 1, . . ., with the property that for eah m ∈ S
⊗
RM and eah λ ∈ S,
S some R-algebra, we have that f(λm) =
∑
i fi(λm) (all but a nite number of terms being 0)
and for whih fi(λm) = λ
ifi(m). The fi are onstruted by writing f(t ⊗m) =
∑
i t
i ⊗ fi(m),
where t is the generator of S[t]. We shall all fi the i'th homogeneous omponent of f and say
that f is homogeneous of degree i if f = fi. Note that (f., [Ro63℄) homogeneous maps M → N
of degree n orrespond to R-linear maps Γn(M)→ N , where the identity map Γn(M)→ Γn(M)
orresponds to the universal homogeneous map M → ΓnM taking m to γn(m).
The following rather tehnial lemma will be needed later.
Lemma 2.1 Let R be a ommutative ring and M and N R-modules.
i) Let f :S → HomS(S
⊗
RM,S
⊗
RN) be a natural transformation of funtors in R-algebras
S. There are unique fi ∈ HomR(M,N), i = 0, 1, 2, . . ., suh that for every element of M all but
a nite number of the fi vanishes on it and suh that for every R-algebra S and every λ ∈ S we
have that f(λ) =
∑
i λ
i idS ⊗fi (the sum being nite when evaluated on an element of S
⊗
RM).
ii) LetQ be anR-module and f a natural transformation f :−
⊗
RQ→ Hom−(−
⊗
RM,−
⊗
RN)
for whih fS(λq) = λ
nfS(q) for all R-algebras S, λ ∈ S, and q ∈ S
⊗
RQ. Then there is a
unique homogeneous polynomial map F :Q → HomR(M,N) of degree n suh that for every
R-algebra S fS is the omposite of FS :S
⊗
RQ → S
⊗
RHomR(M,N) and the anonial map
S
⊗
RHomR(M,N)→ HomS(S
⊗
RM,S
⊗
RN).
Proof: For the rst part we onsider f(t), where t is the variable of R[t]. It is an R[t]-map
R[t]
⊗
RM → R[t]
⊗
RN whih is the same thing as an R-mapM → R[t]
⊗
RN . We an therefore
dene R-maps fi:M → N haraterised by f(t)(m) =
∑
i t
i ⊗ fi(m) whih is a nite sum as
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the target is R[t]
⊗
RN . For any λ ∈ S we have an R-map R[t] → S taking t to λ and so by
funtoriality f(λ) =
∑
i λ
i idS ⊗fi.
As for the seond part we hoose a presentation R[U ] → R[V ] → M → 0, where R[U ] and
R[V ] are the free modules on the sets U and V . Hene for any R-algebra S we have an exat
sequene
0→ HomS(S
⊗
RM,S
⊗
RN) −→
∏
V
S
⊗
RN −→
∏
U
S
⊗
RN
and thus fS is given by a V -tuple f
v
S , v ∈ V , of maps S
⊗
RQ→ S
⊗
RN whih map to a U -tuple
with onstant value 0. Every omponent fvS is natural in S and hene gives a polynomial map
fv:Q → N of degree n. This in turn orresponds to an R-linear map ΓnQ → N and together
they give an R-linear map ΓnQ →
∏
V N whih maps to zero in
∏
U N and thus gives a map
ΓnQ→ HomR(M,N), i.e., a homogeneous polynomial map Q→ HomR(M,N) of degree n.
We are now ready to give the denition of strit polynomial funtors. Some of our arguments
will also need the stronger notion that diretly orrespond to denition of [FS97℄.
Denition 2.2 i) A strit polynomial funtor over a Noetherian ommutative ring R onsists
of a funtion F from nitely generated projetive R-modules to R-modules together with the
hoie for eah pair P and Q of nitely generated projetive R-modules and R-algebra S a map
FP,Q,S : HomS(S
⊗
RP, S
⊗
RQ)→ HomS(S
⊗
RF (P ), S
⊗
RF (Q))
suh that
1. If S → S′ is a map of R-algebras and f is a module map f :S
⊗
RP → S
⊗
RQ then
FP,Q,S′(id⊗ f) = id⊗ FP,Q,S(f) (i.e., F ommutes with extension of salars),
2. FP,P,S(id) = id, and
3. F (f ◦ g) = F (f) ◦ F (g) for all P1, P2, P3, f ∈ HomS(S
⊗
RP2, S
⊗
RP3), and g ∈
HomS(S
⊗
RP1, S
⊗
RP2).
ii) A strongly polynomial funtor over a Noetherian ommutative ring R onsists of a funtion
F from nitely generated projetive R-modules to R-modules together with the hoie for eah
pair P and Q of nitely generated projetive R-modules and R-algebra S a map
FP,Q,S : HomS(S
⊗
RP, S
⊗
RQ)→ S
⊗
RHomR(F (P ), F (Q))
suh that the relations 1) -3) (with some obvious modiations) as for a strit polynomial funtor
are fullled.
iii) A strit (resp. strongly) polynomial funtor F is homogeneous of degree n if F (λ id
S
⊗
R
P
) =
λn ⊗ idF (P ) for every nitely generated projetive R-modules, R-algebra S, and λ ∈ S.
Note that we have a natural map
S
⊗
RHomR(F (P ), F (Q))→ HomS(S
⊗
RF (P ), S
⊗
RF (Q))
and using it assoiates to any strongly polynomial funtor a strit polynomial funtor.
Remark: The notion of strongly polynomial funtors orresponds diretly to that of [FS97,
Def. 2.1℄ but as the map S
⊗
R HomR(F (P ), F (Q)) → HomS(S
⊗
RF (P ), S
⊗
RF (Q)) is an iso-
morphism when F (P ) is a nitely generated projetive R-module we see that if F (P ) is nitely
generated projetive when P is, then a strongly polynomial struture on F is the same thing as
a strit one. As this is always the ase in [FS97℄ we see that our denition of strit polynomial
funtor inludes theirs.
Note that if Fα are strongly polynomial funtors then
⊕
αFα given by (
⊕
αFα)(P ) :=⊕
αFα(P ) has an obvious struture of strit polynomial funtor whih atually is a diret sum
in the ategorial sense. This is not true for strongly polynomial funtors whih is the main
reason for introduing our denition of strit polynomial funtor. Our rst result shows that this
essentially is the only dierene between strit and strongly polynomial funtors.
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Proposition 2.3 i) A strit polynomial funtor F an be written in a unique fashion as
⊕
iFi
where Fi is a strit polynomial funtor homogeneous of degree i.
ii) A homogeneous strit polynomial funtor has a unique strongly polynomial struture.
Proof: For a nitely generated projetive R-module R we onsider the linear map R →
HomR(P, P ) taking 1 to idP . Composing it with the struture maps
HomS(S
⊗
RP, S
⊗
RP )→ HomS(S
⊗
RF (P ), S
⊗
RF (P ))
gives us a situation to whih (2.1:i) applies and it gives as ui ∈ EndR(P ) suh that F (λ) =∑
i λ
iui. Continuing as in [MD95, App. A:2℄ we get that F (st) =
∑
i(st)
iui, for s and t the
variables of R[s, t] and on the other hand F (st) = F (s) ◦F (t) = (
∑
i s
iui)(
∑
i t
iui) whih shows
that the ui are orthogonal idempotents so that F (P ) splits as a diret sum of Fi(P ) := Im(ui).
It is now easily seen that for any map f :P → Q F (f) preserves this deomposition and hene
gives a struture of strit polynomial funtor on eah Fi and it is equally easy to see that Fi is
homogeneous of degree i.
Now if F is homogeneous of degree n we have for projetive P , Q, S an R-algebra, f ∈
HomS(S
⊗
RP, S
⊗
RQ) and λ ∈ S that
F (λf) = F ((λ idQ) ◦ f) = F (λ) ◦ F (f) = λ
nF (f).
This means that we may apply (2.1:ii) and onlude that the struture maps
HomS(S
⊗
RP, S
⊗
RQ)→ HomS(S
⊗
RF (P ), S
⊗
RF (Q))
fators (uniquely) into maps
HomS(S
⊗
RP, S
⊗
RQ)→ S
⊗
RHomR(F (P ), F (Q))
whih means that we have provided F with a unique struture of strongly polynomial funtor
whih also is homogeneous of degree n.
Using the proposition we may onentrate our attention on homogeneous funtors. Our
urrent aim is to get the analogue of [FS97, 2.10℄ that onstruts a projetive generator for the
ategory of funtors of xed homogeneity.
Proposition 2.4 Let R be a ommutative Noetherian ring.
i) The ategory of strit (resp. strongly) polynomial funtors over R is abelian. A sequene
is exat preisely when evaluation on all nitely generated projetive modules is exat.
ii) For a projetive R-module P the funtion Q 7→ ΓnHomR(P,Q) has a struture of ho-
mogeneous strit polynomial funtor of degree n and it represents the funtor F 7→ F (P ) on
homogeneous funtors of degree n. In partiular, ΓnHomR(P,−) is a projetive objet.
iii) ΓnHomR(R
n,−) is a projetive generator on the ategory of homogeneous funtors of
degree n.
Proof: As both ategories by Proposition 2.3 are the produts of the ategories of homogeneous
funtors of xed homogeneity we an redue to the homogeneous ase and then again by (2.3)
to the ase of homogeneous strongly polynomial funtors (of degree n say).
For strongly homogeneous funtors the non-trivial property is the existene of kernel and
okernel of a map F → G together with the property that evaluated on projetive modules they
are the kernel and okernel of the evaluation of F and G. This amounts to showing that if we
dene H(P ) as the kernel (resp. okernel) of F (P ) → G(P ) then we want to provide it with a
struture of strongly polynomial funtor (ompatible with that on F resp. G).
Now note that if P is a nitely generated projetiveR-module then the map S
⊗
RHomR(P,Q)→
HomS(S
⊗
RP, S
⊗
RQ) is an isomorphism so that the struture map
HomS(S
⊗
RP, S
⊗
RQ)→ HomS(S
⊗
RF (P ), S
⊗
RF (Q))
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of a strongly polynomial funtor is the same thing as a polynomial map
HomR(P,Q)→ HomR(F (P ), F (Q)).
As F in our ase is homogeneous of degree n the map is homogeneous of degree n and hene
orresponds to an R-linear map ΓnHomR(P,Q) → HomR(F (P ), F (Q)) (and similarly for the
other funtors). Hene we need to assoiate to every f ∈ ΓnHomR(P,Q) an R-linear map
H(P ) → H(Q). However, by assumption we an to f assoiate one R-map F (P ) → F (Q) and
one G(P )→ G(Q) making the diagram
F (P ) → G(P )
↓ ↓
F (Q) → G(Q)
ommutative and hene induing a unique map H(P )→ H(Q) whih is learly R-linear.
As for the seond part, following [FS97, Thm. 2.10℄ we onsider the map ΓnHomR(P,−)→
HomR(F (P ), F (−)) whih indues a map F (P ) → Hom(Γ
nHomR(P,−), F (−)). On the other
hand, we get a mapHom(Γn HomR(P,−), F (−))→ F (P ) by evaluating some f : Γ
nHomR(P,−)→
F (−) on P and onsidering the image of γn(id). These two maps are easily seen to be inverses
to eah other.
As for the last part, as the ategory of homogeneous funtors is abelian it is enough to show
that if F is homogeneous of degree n and F (Rn) = 0 then F (P ) vanishes for all nitely generated
projetive P . For this again it is enough to show it when P = Rm for some m (as every P is a
fator of some Rm). Furthermore we may assume that m > n.
If ei:R
m → Rm is the projetion on the i'th oordinate we may onsider F (
∑
1≤i≤m tiei) for
independent variables ti. It is a sum
∑
α t
αuα and by onsidering the transformation ti 7→ sti,
s being a new polynomial variable, and using that F is homogeneous of degree n we get that
uα = 0 unless |α| = n. This means that for every suh α there is a subset S ⊂ {1, 2, . . . ,m} of
ardinality n suh uα fators through F applied to the omposite R
m → Rn → Rm where the
rst map is the projetion on the S-oordinates and the seond the inlusion. This show that all
the uα are zero and by putting all the ti = 1 we get that idF (Rm) = F (id) = 0.
Remark: That the ategory of strit polynomial funtors is abelian an be proved diretly from
the denition when R is a eld as then all R-algebras S are at. In the general ase there is a
problem with kernels.
In the appliations we have in mind an alternative desription of strit polynomial funtors
will also be useful.
Proposition 2.5 Let R be a ommutative Noetherian ring. A strit polynomial funtor
F amounts to speifying for eah nitely generated R-algebra S an almost right exat fun-
tor FS from S-modules to S-modules together with a natural isomorphism T
⊗
RFS(M) −˜→
FT (T
⊗
RM) for every R-algebra map S → T fullling an evident transitivity ondition. The
orrespondene is then given by F = FR.
Proof: Start with a strit polynomial funtor F and let S be a nitely generated R-algebra.
We rst dene FS on nitely generated free S-modules by setting FS(S
n) := S
⊗
RF (R
n) and
then use
FRn,Rm,S: HomS(S
⊗
RR
n, S
⊗
RR
m)→ HomS(S
⊗
RF (R
n), S
⊗
RF (R
m))
to dene FS on maps. We then extend FS uniquely to nitely generated projetive modules (as
noted above) and then to all S-modules by almost right exatness. By onstrution we have
an isomorphism T
⊗
RFS(M) −˜→ FT (T
⊗
RM) when M is nitely generated free whih then
extends by additivity to an isomorphism for M nitely generated projetive and then to all M
by almost right exatness (and right exatness of the tensor produt).
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The other diretion is just a question of retraing the steps.
This proposition allows us in partiular to ompose two strit polynomial funtors F and G
by putting (F ◦G)S(P ) := FS(GS(P )).
3 S-modules
In this setion we shall make a loser study of strit polynomial funtors. We know, by the
generalisation of [FS97, Thm. 2.10℄, a projetive generator for funtors of a xed homogeneity
whih by Morita theory gives a module desription of the ategory. However we may (as in [FS97,
Cor. 2.12℄) split up this projetive generator in omponents and it is more natural to onsider
not one but several projetive generators. Then it is also more natural to interpret Morita theory
as giving an equivalene with the ategory of R-linear funtors from an R-linear ategory with
nitely many objets to the ategory of R-modules. Finally we use previously obtained results
to give a purely ombinatorial desription of it in terms of multisets.
We start by introduing, for a strit polynomial funtor F and a multiset α the R-module
Fα := HomP (Γ
α, F ), P being the ategory of strit polynomial funtors.
Proposition 3.1 Let F be a strit polynomial funtor.
i) We have
F (
⊕
i≥1Rei) =
⊕
αFα,
the sum running over all ordered partitions. Furthermore, the fator Fα is the image of γα(e)⊗Fα,
where e(i) = ei, under the natural map Fα
⊗
RΓ
α(−)→ F .
ii) The Γα, where α runs over the nite multisets, form a set of projetive generators.
Proof: We start by notiing that by Proposition 2.4 and just as in the eld ase (f., [FS97,
Thm. 2.10℄) ΓnHomR(R
m,−) represents the funtor F 7→ F (Rm) on homogeneous funtors
of degree n. Again just as in the eld ase (f., [FS97, Cor. 2.12℄) it deomposes as the
diret sum
⊕
βΓ
β(−), where β runs over all ordered partitions of n supported in [1m] and
that if β = [n1, n2, . . . , nm] then HomP(Γ
β , F ) onsists of the sub-module of F (Rm) onsist-
ing of the elements of F (Rm) that are multi-homogeneous of type [n1, n2, . . . , nm]. Further-
more, γα(e) ∈ Γ
α(
⊕
1≤i≤mRei) is the universal element. More invariantly, for a multiset α,
HomP(Γ
α, F ) onsists of the submodule of F (
⊕
s∈αRes) of the elements that are α-homogeneous
and γβ(e) ∈ Γ
β(
⊕
s∈αRes) is the universal element. Now, F (
⊕
i≥1Rei) an be deomposed into
multi-homogeneous omponents by onsidering the homogeneous deomposition of F (
∑
i tiπi),
πi being the projetion onto the Rei-fator whih gives the deomposition F (
⊕
i≥1Rei) =
⊕
αFα
and the fat that the Fα is the image of γα(e)⊗Fα follows from the fat that γα(e) is the universal
element.
To prove the seond part the fat that the Γα are projetive follows from the rst part as
Fα is a diret fator of F (
⊕
i≥1Rei) and hene are exat. As for faithfulness we note that every
f.g. projetive R-module is a fator of
⊕
i≥1Rei so if F (
⊕
i≥1Rei) = 0 then so is F . However as
F (
⊕
i≥1Rei) is a sum of the Fα we see that if they are zero then so is F .
The proposition implies, through standard Morita theory, that the ategory of homogeneous
funtors of degree n is equivalent with the R-representations of the R-linear ategory whose
objets are the multisets of ardinality n and whose R-module of morphisms from α to β is the
R-module HomP(Γ
β(−),Γα(−)). This R-module an be given an expliit desription.
Proposition 3.2 The R-module HomP(Γ
β(−),Γα(−)) has a basis onsisting of the maps f∗g
∗
,
where β
g
←− γ
f
−→ α is a bimultijetion.
Proof: After replaing α and β by isomorphi multisets we may assume that α = [a1, . . . , am]
and β = [b1, . . . , bn], where the ai and bj are positive integers summing up to the ommon
ardinality N of α and β (the proposition makes sense but is trivial when the ardinalities are
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distint). A submultiset γ of α × β is given by its multipliities nij at (i, j) and the ondition
that the projetions be multijetions is equivalent to ai =
∑
j nij and bj =
∑
i nij for all i and j.
Now, elements of HomP(Γ
β(−),Γα(−)) orrespond to elements of Γα(RN )) of multi-homo-
geneous type [b1, b2, . . . , bn]. In Γ
ℓ(
∑
iRei) the produt γk1(e1)γk2(e2) · · · γkr (er) is multi-homo-
geneous of type [k1, k2, . . . , kr] with the onstraint that k1+k2+· · ·+kr = ℓ and hene the elements
γk11(e1)γk12 (e2) · · · γk1N (eN )⊗ · · · γkN1(e1)γkN2(e2) · · · γkNN (eN) with ki1 + ki2 + · · · + kiN = ai
and k1j + k2j + · · ·+ kNj = bj form a basis for HomP(Γ
β(−),Γα(−)). Hene we have a natural
bijetion between the sub-multisets γ as above and a basis for HomP(Γ
β(−),Γα(−)).
Now, by proposition 1.15 and the fat that α 7→ Γα(−) is monoidal it follows that under this
bijetion the basis element orresponding to γ is indeed of the form f∗g
∗
.
From this we get the rst main theorem. Note that as α 7→ Γα(−) is a (left) Heke-Makey-
funtor we get that for a strit polynomial funtor F putting Fα := Hom(Γ
α, F ), the assoiation
α 7→ Fα is a Heke-Makey-funtor.
Theorem 3.3 The funtor F 7→ {Fα} gives an equivalene from the ategory of strit polyno-
mial funtors (over the base ring R) to the ategory of Heke-Makey-funtors from Sµ to the
ategory of R-modules.
Proof: We know that the Γα form a set of projetive generators so as both ategories are
abelian with arbitrary diret sums it is enough to show that the map
R
⊗
HomDSµ(β, α)→ Hom(Γ
β ,Γα)
is a bijetion. This however is exatly the ontent of (3.2) as we know that HomDSµ(β, α) has a
basis onsisting of the isomorphism lasses of graphs from β to α and those isomorphism lasses
orrespond exatly to the bimultijetions β → α.
Beause of this equivalene we shall, for M a Heke-Makey-funtor from Sµ to R-modules
and P an R-module use the notation M(P ) for the value of the orresponding funtor on P .
Due to the importane of that speial ase we introdue the notation S for DSµ. We shall also
for a ommutative ring T use ST to denote the salar extension of S to T (so that HomST (α, β)
is a free T -module on (isomorphism lasses of) graphs from α to β). As usual an S-module in an
additive ategory A will mean an additive funtor from S to A (i.e., a Heke-Makey-funtor).
A use of the plain S-module will refer to an S-module in R-modules.
Remark: For the purposes of this artile the important ategory is SZ rather than S. However,
we believe that it ould very well be important to keep S as it ontains more information. More
preisely, for the free ommutative monoid N[S] on a set, the set S an be reonstruted from it
as the indeomposable elements. As we shall see, S should be ompared with the rigoid generated
by S
∼=
, the groupoid of nite sets and bijetions, and in that ase the groupoid an be reovered
from its rigoid hull.
It is useful to have a more expliit way of expressing the strit polynomial funtor assoiated to
an S-module. The most onvenient way of making suh a desription is to evaluate the funtor
on the free R-module
⊕
i≥1Rei on a ountable number of generators. Any nitely generated
projetive module is a diret fator of that module and hene the value of the funtor on suh
a module is determined by the value on
⊕
i≥1Rei together with knowledge of the ation of
endomorphisms on it.
Proposition 3.4 Let F be a strit polynomial funtor.
i) For an R-module M the natural map⊕
αFα
⊗
RΓ
α(M)→ F (M),
where α runs over all ordered partitions, is surjetive and its kernel is generated as R-module by
the relations
bf∗ ⊗ a = b ⊗ f∗a, a
′ ⊗ f∗b′ = a′f∗ ⊗ b′
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for all multijetions f :α → β, a ∈ Γα(M), b ∈ Fβ , b
′ ∈ Γβ(M), and a′ ∈ Fα. The kernel is also
generated by the relations
• For an isomorphism f :α→ β the relation b⊗ f∗a = bf∗ ⊗ a for a ∈ Γ
α(M) and b ∈ Fβ .
• For an ordered partition [n1, n2, . . . , nk], ni positive, the multijetion
f : [n1, n2, . . . , nk]→ [n1 + n2, n3, . . . , nk],
a ∈ F[n1,...,nk], m ∈M and b ∈ Γ
[n3,...,nk](M)
a⊗ (∆[n1,n2](γn1+n2(m))⊗ b) = af
∗ ⊗ (γn1+n2(m)⊗ b)
• For an ordered partition [n1, . . . , nk], ni positive, the multijetion
f : [n1, . . . , nk]→ [n1 + n2, . . . , nk],
a ∈ F[n1+n2,...,nk], and m1,m2 ∈M
a⊗
(
m[n1,n2](γn1(m)⊗ γn2(m))⊗ b
)
= af∗ ⊗ (γn1(m)⊗ γn2(m)⊗ b)
ii) Under the identiation F (
⊕
n≥0Rei) =
⊕
αFα of (3.1:i) we have the following identia-
tions of f∗ and f∗ on Fα resp. Fβ for a multijetion f :α → β between ordered partitions. Let,
for eah i ∈ β, αi be f
−1(i) with the multipliities indued from α.
1. Consider the linear map g:
⊕
i≥1Rei →
⊕
i≥1Rei taking ej to ei if j ∈ αi and ej 7→ ej if
j /∈ α. Then we have af∗ = F (g)a for a ∈ Fα.
2. Consider the linear map g, over a polynomial ring overR, that takes ei, i ∈ β, to
∑
j∈αi
sjej,
where the sj are polynomial variables. Then, for b ∈ Fβ , bf∗ is the omponent of F (g)b
that is homogeneous in sj of degree µαi(j) for all j.
Proof: We begin by noting that the full subategory P of Sµ whose objets are the ordered
partitions is equivalent to Sµ and hene the ategory of Heke-Makey-funtors on Sµ is equiv-
alent to the ategory of Heke-Makey-funtors on P so the surjetivity part of the rst part
follows from the fat that the Γα form a set of projetive generators. We then use almost left
exatness to redue to the ase when M is a f.g. projetive R-module P . It then follows from
theorem 3.3 that the kernel is generated by the relations bf⊗a = b⊗fa for f :α→ β a morphism
of DP , a ∈ Γβ(P ) and b ∈ Fα. It is lear that is enough to let f run over a set of generators for
DP as a rigoid and the rest then follows from Proposition 1.1 and (1.15).
As for the rst part of ii), let A: Γα → F be the map whih takes γα(e) to a (using that
Γα represents F 7→ Fα). Then af
∗
is the image of f∗γβ(e) under A and by Proposition 1.15
we have f∗γβ(e) = ⊗i∈βγαi(e). This means that f
∗γβ(e) = Γ
α(g)γα(e) and applying A we get
af∗ = A(f∗γβ(e)) = A(Γ
α(g)γα(e)) = F (g)a. Similarly we have, again by (1.15),
f∗γα(e)A =
⊗
i∈β
∏
j∈αi
γµαi (j)(ej)
and the formula for bf∗ follows.
3.1 The tensor struture
Reall that we have a monoidal struture on S whih being additive is given by an additive
funtor S×S→ S. We want to give a more preise desription of the salar extension S
⊗
S×SF
of an S× S-module.
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Proposition 3.5 i) Let γ, α, and β be nite multisets. Then every primitive morphism in S
from α
.
∪ β to γ fators uniquely as h ◦ (f
.
∪ g), where f :α → α′ resp. g:β → β′ are primitive
morphisms in S and h:α′
.
∪ β′ → γ is a multi-shue.
ii) If M is an S×S-module then for every nite multiset γ, we have, with the map S×S→ S
being indued by the disjoint union, the equality
(M
⊗
S×SS)γ =
⊕
ff ⊗M(α,β),
where the sum runs over all multi-shues f :α
.
∪ β → γ and f ⊗M(α,β) is a opy of M(α,β), the
notation used only to give the ation of the morphisms of S on it using i).
Proof: By denition h is a submultiset of (α
.
∪ β) × γ and hene deomposes as a disjoint
union δ
.
∪ ǫ where the projetion on the rst fator maps δ resp. ǫ into α resp. β. Let now α′
resp. β′ be the multisets supported on the images under the seond projetion of δ resp. ǫ and
with multipliities making the seond projetion indue multijetion δ → α′ and ǫ → β′. This
gives the required projetion and the uniqueness is then lear whih nishes i).
The last part is then a diret appliation of the rst.
Remark: The result should of ourse be ompared with the result that (m,n)-shues give a set
of oset representatives for Σm × Σn in Σm+n.
Using the map S× S → S we get a monoidal struture on the ategory of S-modules; given
two S-modules M and N we onstrut a funtor M ·N :S× S → ModR by M · N(α, β) =
M(α)
⊗
RN(β) and then put M ⊠N := S
⊗
S×SM ·N . This is easily seen to give the ategory
of S-modules a symmetri monoidal struture. As we shall eventually be interested in another
monoidal struture we shall all it the tensor struture. It has the following interpretation in
terms of the orresponding funtors.
Proposition 3.6 Let F and G be strit polynomial funtors and M resp. N the orresponding
S-modules. Then M ⊠N orresponds to the strit polynomial funtor F
⊗
RG.
Proof: To dene a map M ⊠N → P , where P is the S-module of F
⊗
G, it is by adjuntion
enough to dene a map M(α)
⊗
N(β) → (F
⊗
G)α
.
∪β funtorial in α and β. This is done by
notiing using that elements f ∈ M(α) and g ∈ N(β) are mappings f : Γα → F resp. g: Γβ → G
and then map suh a pair to
Γα
.
∪β = Γα
⊗
Γβ
f⊗g
−→ F
⊗
G.
To show that the obtained map (S
⊗
S×SM ·N)γ → (F
⊗
G)γ is an isomorphism we use propo-
sition 3.5 where we let γ be an ordered partition and we want hene to show that the map⊕
α+β=γFα
⊗
Gβ → (F
⊗
G)γ
is an isomorphism. Now, by (3.1:i), We have that (F
⊗
G)γ is the γ-homogeneous part of
(F
⊗
G)(
⊕
i≥1Rei) = F (
⊕
i≥1Rei)
⊗
G(
⊕
i≥1Re) = (
⊕
αFα)
⊗
(
⊕
βGβ)
and hene
(F
⊗
G)γ =
⊕
α+β=γFα
⊗
Gβ
and it is lear that the obtained morphism⊕
α+β=γFα
⊗
Gβ →
⊕
α+β=γFα
⊗
Gβ
is the identity map.
Remark: A less omputational proof runs as follows: We have a pair of adjoint funtors between
strit polynomial bifuntors and strit polynomial funtors F 7→ (U 7→ F (U,U)) resp. G 7→
((U, V ) 7→ G(U
⊕
V )). On the other hand S × S-modules lassify strit polynomial bifuntors
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and it an be seen, as has been noted in the remark after proposition 3.4, that G 7→ ((U, V ) 7→
G(U
⊕
V )) orrespond to restrition of modules along S × S → S and hene by adjuntion
F 7→ (U 7→ F (U,U)) orresponds to salar extension. Finally, for strit polynomial funtors F
and G, the bifuntor (U, V ) 7→ F (U)
⊗
G(V ) orresponds to the S× S-module M ·N , where M
and N are the S-modules orresponding to F resp. G. From this the result follows.
4 The p-loal ase
Madonald's theorem (f. [MD95, App. A:5.3℄) gives over a eld of harateristi zero another
desription of strit polynomial funtors. We shall now show that his result follows from ours.
The proof will also be seen to have impliations when rather than ontaining Q the ring R is
only p-loal. To prepare for it we let, for a prime p, DpSµ be the full subategory of DSµ whose
objets are those multisets all of whose multipliities are powers of p with salars extended to the
loal ring Z(p). Similarly we let D
0Sµ be the full subategory of DSµ whose objets are those
multisets all of whose multipliities are equal to 1 with salars extended to Q.
Proposition 4.1 i) Let p be a prime and A an additive ategory in whih multipliation by any
integer prime to p on Hom-groups is bijetive. Then restrition and extension of funtors indue
an equivalene from the ategory of Heke-Makey-funtors with values in A to the ategory of
additive funtors from DpSµ to A.
ii) Let A be an additive ategory in whih multipliation by any non-zero integer on Hom-
groups is bijetive. Then restrition and extension of funtors indue an equivalene from the
ategory of Heke-Makey-funtors with values in A to the ategory of additive funtors from
D0Sµ to A.
Proof: For the rst part it is enough to show that eah nite multiset is a diret fator in
DpSµ of a multiset all of whose multipliities are powers of p. This is done by indution over the
number of multipliities that aren't. Hene assume that m is the multipliity at s ∈ α and that
it is not a power of p. Note that if f :α′ → α is a multijetion that is an isomorphism outside of s
and if m1, . . . ,mk are the multipliities of the points above s, then deg f equals the multinomial
oeient
(
m
m1,...,mk
)
and hene α is a diret fator of α′ if that oeient is prime to p. Now
write m in base p; a0 + a1p+ · · ·+ anp
n
and hoose f suh that
m1, . . . ,mk =
a0 times︷ ︸︸ ︷
1, 1, . . . , 1,
a1 times︷ ︸︸ ︷
p, p, . . . , p, . . . ,
an times︷ ︸︸ ︷
pn, pn, . . . , pn .
It is then well-known that the multinomial oeient is prime to p.
As for the seond part, we do a similar thing, only now we just need for the multinomial
oeient to be non-zero and we an hene hoose all the mi to be equal to 1.
Remark: Note that DpSµ uses all multisets for the denition of Hom-sets. This is not really
neessary: Suppose α← γ → β is a bimultijetion where α, β ∈ DpSµ but γ isn't. Then we may
nd as in the proof of the proposition a γ′ → γ suh that γ′ ∈ DpSµ and the degree d of γ′ → γ
is not divisible by p. Thus we have α← γ → β = 1/d(α← γ′ → β) ∈ HomDpSµ(α, β).
Example: In the p-loal ase the rst ase that diers from Madonald's theorem is the ase of
funtors of degree p. The proposition then gives that the ategory of suh funtors is equivalent to
the ategory of tuples (M,N, f, g), whereM is an R[Σp]-module, N an R-module and f :M → N
and g:N →M are equivariant R-linear maps (for the trivial ation of Σp on N) fullling fg = p
and gf =
∑
σ∈Σp
σ.
5 Salar extension
One way of getting a strit polynomial funtor is to start with a olletion {Mn} of right R[Σn]-
modules and then put S(M)(P ) =
∑
nMn
⊗
Σn
P⊗n. In that ase S(M)α = R[Σ
α]
⊗
Σn
Mn,
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where n := |α|. In partiular when α = [n1, . . . , nk] then S(M)α = (Mn)Σn1×···×Σnk . In this
setion we shall give a diret onstrution of the S-module assoiated to S(M).
If h:A → B is an additive funtor of rigoids, C an abelian ategory with arbitrary olimits
and F :A → C an additive funtor we shall denote by B
⊗
AF the left Kan extension of F along h.
Note that the value of this extension on an objet b ∈ B is the olimit of F (a) over the ategory
of maps h(a)→ b.
To begin with we shall apply this onstrution to the following situation: We let S
∼=
be
the groupoid of nite sets and bijetions and let Σ be its rigoid hull, i.e., HomΣ(S, T ) =
N[HomS∼=(S, T )]. We have a funtor S
∼= → Sµ taking a set to the orresponding multiset
and it extends to an additive funtor Σ→ S.
Proposition 5.1 Assume that M : Σ → ModR is an additive right funtor. Then for any nite
multiset α of ardinality n the value (M
⊗
ΣS)α of M
⊗
ΣS at α equals M[1n]
⊗
R[Σn]
R[Σα].
Furthermore, the strit polynomial funtor M(−)
⊗
ΣS assoiated to M
⊗
ΣS equals S(M).
Proof: The rst part follows almost diretly from the desription of the Kan extension realled
above: We have that the set of maps [1n] → α is given by N[Σα] and it is easily seen that the
olimit is exatly M[1n]
⊗
R[Σn]
R[Σα].
For the rest of the rst part, let N be the S-module orresponding to Mn
⊗
Σn
⊕
n≥0P
⊗n
.
To dene a map M
⊗
ΣS→ N we need by adjuntion only dene a map M → N of Σ-modules.
However, Nn onsists of the [1
n]-homogeneous elements of Mn
⊗
Σn
⊕
n≥0(
⊕
1≤i≤nRei)
⊗n
and
we map m ∈ Mn to the residue of m ⊗ e1 ⊗ · · · ⊗ en whih is learly an isomorphism Mn →
Nn. Considering a general nite multiset α we have that Nα is the α-homogeneous part of
Mn
⊗
Σn
⊕
n≥0(
⊕
i∈αRei)
⊗n
. Suh a part exists only in the summand with n = |α| and then
the α-homogeneous basis vetors of (
⊕
i∈αRei)
⊗n
is in Σn-invariant bijetion with Σ
α
and we
get that Nα =Mn
⊗
Σn
R[Σα]. As the quotient maps Mn →Mα and Nn → Nα are given by the
ation of an element of S, they and the maps Mn → Nn and Mα → Nα form a ommutative
diagram showing that Mα → Nα is an isomorphism.
It follows from the proposition that the salar extension from Σ to S is not exat. That means
that given a Σ-module M we get not only one S-module by salar extension but a sequene of
them; TorΣ∗ (S,M) := H∗(M
⊗L
ΣS). We then get the following result as orollary.
Corollary 5.2 If M is a Σ-module then for eah nite multiset α we have TorΣ∗ (M,S)α =
TorΣn(M[1n], R[Σ
α]).
Proof: This follows immediately from the proposition applied to a Σ-projetive resolution of
M .
A partiularly interesting ase is when M = R[Σn/ρ(G)] for a faithful permutation represen-
tation ρ:G→ Σn in whih ase H∗(Σα,M) is the sum over the G-orbits of Σ
α
of the homology
(with oeients in R) of the G-stabiliser of a point of the orbit. We shall denote this homology
Hρ∗ (G). In [ES03℄ we shall make a loser study of it and in partiular show how it an be used
to express the homology of wreath produts.
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